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Abstract 

We find a new Af = 2 AdS^ solution in M-theory supported by purely magnetic flux via a 
sequence of abelian and non-abclian T-dualities. This provides the second known example 
in this class besides the uplift of the Pernici and Sezgin solution to 7d gauged supergravity 
constructed in the eighties. We compute the free energy of the solution, and show that it 
scales as A 3 / 2 . It is intriguing that even though the natural holographic interpretation is in 
terms of M5-branes wrapped on a special Lagrangian 3-cycle, this solution does not exhibit 
the expected N 3 behavior. 
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1 Introduction 

In recent years non-Abelian T duality (NAT duality) has been very successfully applied as 
a generator of new supergravity backgrounds that may have interesting applications in the 
context of the AdS/CFT correspondence [I|-[T7]. While some of these backgrounds represent 
explicit new solutions to existing classifications dJHJIHJE], some of them have been shown 
to fall outside known classifications [18] or to provide the only explicit solution to some set 
of PDEs [3]. 
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A very inspiring example is the AdS e solution to Type IIB supergravity constructed in 
[3]. Supersymmetry is known to impose strong constraints on AdS 6 backgrounds |19j, 2o( 4 l . 
even if large classes of fixed point theories are known to exist in 5 dimensions [22[ [23, [21] 
with expected AdSe duals. The only AdS^/CFT^ explicit example identified to date is the 
duality between the Brandhuber and Oz solution to massive 

only possible IIA AdS^ background [loffi l and the hxed point theory that arises from the 
D4/D8/08 system in [22j. Yet, there are families of 5 and 7-brane webs giving rise to 5d 
hxed point theories [27, SI [29] whose dual AdSe spaces remain to be identified. The solution 
in [3p provides a possible holographic dual to these theories. 

The duality between 3d SCFTs arising from M5-branes wrapped on 3d manifolds and 
AdS^ spaces is yet another example in which explicit AdS^ solutions with the required 
properties are scarce. Remarkable progress has been achieved recently fsn through the 
construction of explicit AdS± x S 3 x M 4 solutions to massive IIA which are candidate duals 
to compactihcations of the (1,0) 6 d CFTs living in NS5-D6-D8 systems [3T] on a 3-manifold 
S 3 , which could eventually lead to a generalization of the 3d-3d correspondence j32j to Af = 1 . 
The Af = 2 case is yet especially interesting, since with this number of supersymmetries the 
3d-3d correspondence allows to associate a 3d Af = 2 SOFT to the 3d manifold on which 
the M5-branes are wrapped [32]. This held theory arises as a twisted compact ideation on 
the 3d Riemann surface of the (2, 0) CFTg living in the M5-branes. 

However, to date only one Af = 2 AdS^ explicit solution to M-theory is known that could 
provide the holographic dual to these compactihcations. This solution is the uplift to eleven 
dimensions [3ll [35] of the Pernici-Sezgin solution [36] to 7d gauged supergravity, that dates 
back to the 80’s. This is of the form AdS± x M 7 where M 7 is an S' 4 -hbration over a hyperbolic 
manifold if 3 , on which the M5-branes are wrapped. The Pernici-Sezgin solution is the only 
explicit solution of the form AdS^ x S 3 x S 4 in the general class of Af = 2 AdS^ backgrounds 
obtained from M5-branes wrapping calibrated cycles in [37]. 

In this paper we construct a new Af = 2 AdS^ solution to M-theory belonging to the 
general class of = 2 AdS± backgrounds derived in This class is defined by requiring 
that the Killing spinors satisfy the same projection conditions as the wrapped branes and 
that there is no electric flux. Yet the solutions need not describe in general M5-branes 
wrapped in 3d manifolds in the near horizon limit. Our solution seems to belong to this 
more general class. 

We obtain our solution through non-Abelian T-duality on the AdS^ x CP 1 2 3, background 
dual to ABJM [38], followed by an Abelian T-duality and an uplift to eleven dimensions. The 
non-Abelian T-duality transformation is responsible for the breaking of the supersymmetries 
from Af = 6 to Af = 2 . The detailed properties of the resulting Af = 2 AdS 4 solution to 

1 See also [21 j. 

2 Variations of it such as orbifold solutions have also been constructed in [2fj|. 

3 See [5] for a discussion of the properties of the associated CFT. 


Type IIA [25] (known to be the 
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Type IIB were studied in [lTj. This solution contains two U(l)'s, one of which can be further 
used to (Abelian) T-dualize back to Type IIA without breaking any of the supersymmetries. 
Finally, the solution is uplifted to eleven dimensions, where it can be shown to fulfill the 
conditions for lid J\T = 2 AdS^ solutions with purely magnetic flux, derived in jTfft 

The paper is organized as follows. In section 2 we recall briefly the IIB solution constructed 
in m through non-Abelian T-duality acting on the AdS^ x CP 3 IIA background. In section 
3 we construct its IIA Abelian T-dual, and discuss some properties of the associated dual 
CFT of relevance for the CFT interpretation of the lid solution. Section 4 contains the uplift 
to M-theory. Here we discuss some properties of the CFT associated to the lid solution, 
that are implied by the analysis of the supergravity solution as well as its IIA description. 
We compute the holographic central charge and show that, as expected, it coincides with the 
central charge of the IIB solution written in terms of the lid charges. Thus, it scales with 
A r3//2 , contrary to the expectation for M5-branes. We argue that the field theory analysis that 
we perform suggests that there should be Kaluza-Klein monopoles sourcing the background, 
and that M5-branes should only play a role in the presence of large gauge transformations (in 
a precise way that we define). This is intimately related to the existence of a non-compact 
direction inherited by the NAT duality transformation, which, as discussed at length in the 
NAT duality literature (see for instance 0 EH ED, represents the most puzzling obstacle 
towards a precise CFT interpretation of this transformation. Finally, in section 6 we present 
our conclusions. Here we discuss further our result for the free energy, as well as the view 
that we have taken to try to give a CFT meaning to the non-compact direction. We have 
relegated most of the technical details to three appendices. In Appendix A we include some 
details of the derivation of both the NAT and T dual solutions presented in sections 2 and 
3. These details are especially relevant for the supersymmetry analysis. In Appendix B we 
review the G-structure conditions for preservation of supersymmetry of AdS^ x M 6 solutions 
to Type II supergravities. In Appendix C we perform the detailed supersymmetry analysis 
of the solutions in IIA, IIB and M-theory. 

2 The IIB NAT dual AdS.\ solution 

This solution was constructed in HU, where some properties of the associated dual CFT 
were also analyzed. We refer the reader to this paper for more details. In this section we 
present the background for completeness. More technical properties of the derivation that 
will be useful for the study of the backgrounds constructed from this one in the following 
sections are presented in Appendix A. 

The background arises as the NAT dual of the AdS^ x CP 3 background with respect to a 

4 A systematic study of the most general class of M = 2 AdS^ solutions of lid supergravity, that includes 
the results in [37], was carried out in [39] . 
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freely acting SU[2) in the parameterization of the CP 3 as a foliation in T 1,1 = S 2 x S' 3 : 


ds 2 ( CP 3 ) = d( 2 + T ^ cos2 C{dO\ + sin 2 9 id<f)f) + sin 2 ((dd 2 + sin 2 d 2 d(j )|) + 

+ sin 2 £ cos 2 + cos 6*1^01 + cos 9 2 d(f)2) 2 j 

= d( 2 + I ^ cos2 C(dO\ + sin 2 9 \deft 2 ) + sin 2 ((cuf + uj 2 ) + sin 2 ( cos 2 ((003 + cos^i^i) 2 

( 2 . 1 ) 

where 0 < £ < |, 0 < 9 t < 7r, 0 < < 27 t, 0 < -0 < 47t. 

Dualising with respect to the SU( 2 ) acting on the 3 -sphere parameterized by ('i/>,d 2 ,(J) 2 ) 
we obtain 


/ 2 / 1 s 

ds 2 = — ds 2 (AdS A ) + L 2 (d ( 2 + - cos 2 £ (dd\ + sin 2 did^) J + ds 2 (M 3 ), (2.2) 

where ds 2 (M 3 ) stands for the 3-dimensional metric: 


ds 2 (M 3 ) = -—— L 4 sin 1 ((dr 2 + r 2 dy 2 — sin 2 £ (sin ydr + r cos ydy) 2 + 

16 det ML V 


+r 2 cos 2 £ sin 2 y (d( + cos #id£>i) 2 ) + 16r 2 dr 2 


detM is given by: 

L 2 / \ 

det M = — sin 2 £ ( 16r 2 (sin 2 y + cos 2 x cos 2 £) + L 4 sin 4 £ cos 2 £ ) • 
64 V / 


(2.3) 


(2.4) 


Here (y, £) parameterize the new 2-sphere arising through the NAT duality transformation, 
that we will denote by S' 2 , r is the non-compact coordinate generated by the transformation, 
which lives in M + . The presence of this non-compact direction is intimately related to the 
long-standing open problem of extending NAT duality beyond spherical world sheets. I 11 the 
context of AdS/CFT applications this poses a problem to the CFT interpretation of AdS 
backgrounds generated through this transformation. Some ideas to provide a consistent 
interpretation have been proposed in [SJ, |Tl] (see also mn, which we will partially use in this 
paper. The reader is referred to these papers for more details. 


The dilaton reads in turn 


= 


L 1 
k \J detM 


A B 2 field is also generated that reads: 


(2.5) 


Bo. = 


L 2 sin 2 C 


-L 4 r cos 2 £ sin 4 £ cos d 3 sin x d<t> 1 A dx 


64 detM 

—16 r 2 ^r(cos 2 £ cos 2 y + sin 2 y) Vol(S' 2 ) + sin 2 £ sin 2 y cos y d( A dr ) — 
— cos 2 £ cos 9\ cos y (L 4 sin 4 £ + 16r 2 ) dr A d<p\ 


( 2 . 6 ) 
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(2.7) 


Together with this we find the RR sector: 
k / 

F\ = — yr sin 2 £ sin x d\ — sin 2 £ cos xdr — r sin 2 £ cos x d( 

F 3 = >--^-fcL 4 sin 3 2£(i£ A Vol(5' 2 ) + ^-(rdr A (cos 2 £ Vol(Sf) + (2.8) 

128 2 V 

+ sin2£ cos 6 £ d( A d<p i + sin2£ sin 2 x d( A d£) — r 2 sin 2£ cos x d£ A Vol(5' 2 ) j 

F 5 = — kL 6 sin 3 £ cos £ Voh/WS^) A d£- kL 2 r VobAdSA A dr + 

64 8 

+—r 2 (cos 2 £ Vol(5 2 ) + sin 2£ cos 61 d( A d(f>i j A dr A Vol( 1 S 2 ), (2.9) 

where F p = d C p - 1 — H 3 A C p - 3 and F = F A e~ B2 are the fluxes associated to the Page 
charges. 

Note that after the dualisation a singularity has appeared at the fixed point £ = 0, where 
the squashed S 3 used to dualise shrinks to zero size. This singularity is associated to the 
component of the metric on the r-direction, and is always compensated with the singularity in 
the dilaton in computations of physical quantities such as gauge couplings, internal volumes, 
etc. We will see that it will be inherited by the IIA and M-theory solutions where physical 
quantities will however be perfectly well defined as well. 


3 The IIA NAT-T Dual AdSd solution 


Following the steps in Appendix A we get the following solution in Type IIA after dualizing 
the previous background along the £>1 direction, that we will simply rename as £> @ 


ds 2 = ^—ds 2 {AdS^) + L 2 d( 2 + cos 2 (dd 2 + ^ (CT)' 


i=l 


where 

G 1 = 


2\/H 


Hi sin 2 £ cos £ sin 0d£, 


(3.1) 


g 2 = - 


L^y/Z 


(Zdyi + yiy 2 dy 2 ), 


G 3 = - 

g 4 - 


2\fZ 

2 


sin (dy 2 , 


L cos £-\/A-\/S . 


A dcj) - sin- £ cos £ cos 6 \ yiy 2 dy 3 + ( y 2 + — sin £ ) dy 2 


J Also 01 = 0 and S 2 = S 2 . 


(3.2) 
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and we have defined 


L 4 

A = sin 2 ((yl + cos 2 Qy 2 + — sin 4 ( cos 2 () , E = A sin 2 9 + y\ sin 4 ( cos 2 9 , (3.3) 

r 4 

£ = Vi + TT sin C cos C, 

lb 


and 


?/i = r sin x, y 2 = rcosx , (3.4) 

so that we have 

4 i 

64L 2 E ((/*) 2 = cos 2 C1 16A sec 2 (d(p + sin 2 ( cos 9 [L 4 sin 4 ( (cos xdr — r sin ydy) 


i=l 


+16r 2 cos xdr] | H- z^r 2 sin 4 ( cos 2 ( sin 2 9 sin 2 x d £ 2 

16 L 4 


Z 
256 
A Z 


sin 2 C(cos xdr — r sin x dxY 


— sin 4 ( cos 2 ((sin xdr + r cos xdx) + r 2 sin xdr 
16 


(3.5) 


The NS 2 form is given by 
r 2 

B 2 —— sin 2 ( sin x 


Sill' 


( sin x ( cos 9d£, A d(j) — cos A dr ) 


r (cos 2 ( sin 2 9 + sin 2 ( sin 2 x) dx A d£ 


while the dilaton is 


e 4 ’ = 


4 


(3.6) 


(3.7) 


kL cos < 

Notice that this blows up at C — 0 indicating that the geometry is singular here, which is 
confirmed when one studies the curvature invariants. 

The RR sector is given by 
k 


F> =- 


16 


3 L 4 sin 3 ( cos 3 ( sin 9d( A d9 + 8r sin 2( (cos 9d( A dr — cos xd( A defi) 


+ 8r cos 2 C sin 9d9 A dr — 8 sin 2 ((cos xdr A dtp + r sin yd0 A dx) , 


( 3 . 8 ) 


2 sin (( sin xd( A A dr A d(f> + r cos 9d( A A dr A dx 


F a =—r cos C sin y 


r cos yd£ A A d(f) A dx ) + r cos £ sin 9d6 A A dr A dx 


(3.9) 


where the gauge invariant fluxes are expressed in terms of these via F = F A e B2 . 
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3.1 Supersymmetry 


It was shown in PU M\ that the NAT dual of ABJM preserves AT = 2 supersymmetry in 
3d, which means the R-symmetry is 17(1) in the dual CFT. The argument relies on a proof 
from [T3] , In order to see this we must package all the dependence of the original geometry 
on the 577(2) isometry in a canonical framed 


a+3 _ g C a {x) 


UJ a + A a {x)) 


(3.10) 


where each left-invariant one form c u a appears only once, and are coordinates on some 
7d base which fibers the squashed 3-sphere containing the SU (2) isometry. Then there is a 
bijective map between spinors independent of the SU( 2) directions in this frame and those 
preserved by the NAT dual solution. The map acts on the 10 dimensional MW Killing 
spinors as 


with the matrix^ 


E\ — 6i, 62 — QsU( 2)^2, 


&SU(2) 


r (io) -e Cl+C2+C3 T 456 + v a e Ca Y a+3 

yj(SZ(C\+C2+Cz) _J_ g2Ca^2 


(3.11) 

(3.12) 


where v a are dual coordinates in the NAT dual geometry, which we are expressing elsewhere 
in terms of spherical or cylindrical polar coordinates V\ = ?/icos£, v 2 = y 2 sin £, n 3 = y 2 . 

In Appendix 1C.II we derive a spinor for ABJM independent of the SU( 2) directions. This 
may be written in terms of 6 dimensional MW spinors on CP 3 as in Appendix [B] 


vl = 


e 4 v+ , 


ril = e_ * 


37r 

4 7+ 


(3.13) 


where (?7+ 2 )* = ryl 2 with the sign labeling chirality. It is possible to decompose the 6d spinors 
in terms of two in linearly independent parts r) + = 7r + + 7r + obeying the projections of eq 
f 1G.32[) . We can then make the coordinate dependence explicit as 


C 7 34 0 

7T + = r 7T 


+ > 


—C7 34 ~0 
7T_|_ = e ^ 7 7T 


+ > 


(3.14) 


where we have introduced linearly independent constant spinors obeying the projections 


7 145 67 n = n 7 234 57r 0 = ^0 


.,1456-0 -0 ^,2345-0 -0 

7 7T + = -7r + , 7 7T + = 7r + , 


(3.15) 


in the frame of eq flA.3|) . The lOd spinor is constructed as in eq (IB.31) , but all dependence 
on the CP 3 directions is in eq (13.14K . which is clearly independent of the SU( 2) directions. 

6 We write e a+3 to match notation elsewhere where the canonical viclbeins are e 4 , e 5 , e 6 7 . 

7 This expression originally appeared in [5], where it was conjectured to hold by analogy with the Abelian 
case. 
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So AT = 2 is preserved under the NAT duality transformation. We show in Appendices 
IC.2IIC.3I that the solution does this by mapping a f/(l)’s worth of the SU (3)-structures 
supported by CP 3 to a f/(l)’s worth of dynamical SU (2)-structures defined on the dual 
internal space M 6 . Of course only two of these dual objects are truly distinct: those that 
are defined in terms of the two linearly independent Killing spinors on Mq. These may be 
summed to give the internal part of the AT = 2 Killing spinor in I1B, namely 


vl = 


i— 

e 4 


C7 34 0 
C 7 7TL 


1 —C7 34 ~ 0 

+ e ^ 7 7 n 


vl = 


e l 4 (k\\ (e'’ 7 ' 34 ^ + e ) + k±ZT (e O 34 ^ _|_ _)_ e C7 34 7r o ^ , 


(3.16) 


where and k\\ satisfy k\ + td = 1 and are given in eq (IC.27H . The Matrix J is dehned as 


J = 


,e Cl+c2+03 COS2C7 1 + e Cl ui7 4 + e C2 U27 5 + 

^/ e 2 ( c ’i+ c, 2+C’ 3 ) cos 2 2^ 4- e 2Cl vl + e 2C2 v% + e 2C3 n| ’ 


(3.17) 


in the frame of eq (IA.3I1 . where e Ca are given in eq (1A.2I) . However for what follows it is only 
important that J is independent of 0. 


ft turns out that the amount of preserved supersymmetry is left invariant when we perform 
an additional T-duality on d^. As proved in |49] (see also [T3]). to see this it is sufficient 
to show that the Killing spinors are independent of <j) in the canonical frame of T-duality, 
where (j) only appears in the vielbein 

e* = e c W(d(j) + A(x)). (3.18) 

We get to such a frame by performing a AO (4) transformation 1Z in eq (1 A. 14h . on the 
canonical NAT dual vielbeins in eq (1A.8D . The action of this rotation on the lOd Majorana 
Killing spinor will be e —> Se, where 

<S -1 7 a <S = U a b 7 b . (3.19) 

The matrix S will be complicated but will not depend on (j) because 1Z does not, which is 
all that matters. This together with the fact that eq (13.16P is 0 independent ensures all 
supersymmetry must be preserved. Indeed in the next section (see also Appendix IC.4|) we 
see that upon lifting to M-theory the NAT-T dual solution preserves Af = 2 supersymmetry 
in the form of a local SU(2) structure in 7d of the form given in [39] . 


3.2 Properties of the CFT 

In this section we briefly discuss some properties of the CFT associated to the NAT-T dual 
solution. The discussion follows very closely the analysis in reference HH for the IIB NAT 





















solution. For this reason we will omit most of the explicit computations. The reader is 
referred to this reference for more details. 

It was shown in that the presence of large gauge transformations in NAT dual 

backgrounds allows to constrain quite non-trivially their global properties. In our particular 
background (see HU) it is easy to see that at the singularity ( = 0 the NS 2 -form given by 
(13.6ft reduces to 

B 2 |^ 0 =-rVol(^ 2 ), (3.20) 

while the space spanned by (£, S 2 ) becomes conformal to a singular cone with boundary S 2 . 
Therefore large gauge transformations can be defined on this non-trivial 2-cycle, which must 
render 


b- 1 

[ b 2 

47T 2 

Js 2 


in the fundamental region. For this, B 2 must transform into B 2 —>■ B 2 + rniVol^S 2 ) when 
r G [mr, {n + l)7r]. 

In turn, the F 3 and F 5 held strengths lying on the £, 6, 0 and (, 6 , 0, S 2 directions of the 
NAT dual solution in m give rise after the T-duality to F 2 and F 4 held strengths lying on 
the (, 6 and (, 6, S 2 directions, with the second one non-vanishing only in the presence of 
large gauge transformations. Accordingly, a Page charge associated to the £, 6 components 
of F 2 is generated in IIA from the quantization condition 


2 r io 


F p — T 8 _ p N 8 _p . 


(3.22) 


As in HU this charge is to be interpreted as the rank of the gauge group of the CFT dual 
to the solution in the r G [0,7r] interval. We indeed get Nq = A r 5 , with N 3 given by (3.18) in 
HU- Specihcally this hxes L to satisfy 


kL 4 = 64 ttN 6 . 


(3.23) 


Note that this means that color branes are now D 6 -branes spanned on the R 1)2 x M 3 xS^xS 2 
directions. One can indeed check that these branes are BPS when placed at the ( = 0 
singularity. As in HU the combination e ^ s/g^r in the DBI action is non-singular, rendering 
well-defined color branes. 

In the presence of large gauge transformations with parameter n there is also a non¬ 
vanishing D4-brane charge IV4 = uNq, equal to the N 3 charge in HU- Indeed one can check 
that D4-branes are also BPS when placed at ( = 0. These branes should also play a role as 
color branes for n ^ 0, that is, in the r G [mr, (n+ l)7r] intervals. The physical interpretation 
is that IV4 charge is created in the worldvolume of a D 6 when it crosses n NS5. It is then 
plausible that the held theory dual to the solution in the [mr, (n + l)7r] intervals arises in 
a (D4, D 6 ) bound state - NS5 intersection. A similar realization was suggested in [TTj for 
AdS 3 duals. 
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The charge interpreted as level in ABJM is also doubled under the NAT duality transfor¬ 
mation. As a result, after the new Abelian T-duality we get two charges, fa, fa, associated to 
the (r, 6 ) and ( r, 6 ,S 2 ) components of F 2 and F 4 , respectively. They thus correspond to D6 
and D4 branes or, equivalently, to D4-branes carrying both monopole and dipole charges. 
We may express the levels in terms of k and the number of large gauge transformations 
performed as 


fa 


(2 n + 1) 7r 


fa = k 


(3 n + 2)n 
12 


(3.24) 


Finally, it is easy to check that particle-like brane configurations can be associated to each 
of the charges with an interpretation as either rank or level in the 1IA background. These 
branes are in all cases D2 or D4 branes wrapped on different sub-manifolds of the internal 
space. In particular: 


• Di-monopoles O D2 on Mi x S^, D4 on Mi x Sj x S 2 

• ’t Hooft monopoles -H- D2 on {Mi, 9}, D4 on {Mi, 9, S' 2 } 

• Di-baryons O D2 on {£, S^}, D4 on {£, 5j, S 2 } 

• Baryon vertices -H- D2 on {£, 9}, D4 on {£, 9, S' 2 } 


As for the IIB AdS 4 solution (see HU for the details) the di-monopoles and ’t Hooft 
monopoles have to sit at £ = 0 while the di-baryons sit at r = 0. 

The previous analysis suggests a dual CFT in the r e [0,7r] region defined in terms of a 
U(N e )k^ x U(N 6 )_k 4 quiver gauge theory with Af = 2 supersymmetry, sourced by D6-branes 
spanned on the Mp 2 X Mi x x S 2 direction^. In turn, for r G [rar, [n + l)7r] the gauge 
theory would arise from (D4, D6) - NS5 intersections. It was argued in [TTj that invariance 
under large gauge transformations would imply that the seemingly different CFTs dual to 
the solution as the non-compact internal direction increases, could be related by some kind 
of duality, as in [33], with the essential difference that in this case the flow parameter would 
not be the energy scale but the non-compact internal direction. Reference D3J proposed an 
alternative mechanism which, applied to our solution, would imply that new U(Nq) x U(Nq) 
gauge groups would be created by some kind of un-higgsing mechanism, also not related to 
an energy scale, every time a NS5-brane is crossed. It would be interesting to understand 
better these proposals for the dual CFT as r increases. 

In any case, keeping in mind that there is no a priori reason to expect that the new 
geometry makes sense as a string theory backgrounds, we can just take these proposals as 

8 One can see (see [IT]) that k 4 is the level associated to the D6 color branes. 

9 An essential difference with respect to its Abelian counterpart is that non-Abelian T-duality has not 
been proved to be a symmetry of String Theory (see [45]). 


10 





stringy inspired arguments in favor of the existence of a fundamental region in which the 
dual CFT would contain the same number of gauge groups as the original one. 

Restricting ourselves to the r G [0, n\ region, a candidate brane realization of the dual 
CFT would then be the T-dual of the brane picture proposed in Em for the NAT dual of 
ABJM: 


5 2 ■ 
o 2 . 

X 

XXX 

X 

X 

— Zi z 2 — 

N e D 6 : 

X 

XX — 

X 

— 

XXX- (3.25) 

(5|, k/i D4) : 

X 

XX — 

X 

cos 9 

— — — sin 6 

where 5 2 denotes the IIA exotic brane that 

arises 

after 

a T-duality transformation along 


a worldvolume direction of the 5 2 exotic brane of the IIB configuration m , and zi and 
Z 2 denote the two special Killing directions of this brane pE5| IT4] , In our notation the 
(5|, h D4) bound state would be extended along the 0124 and x 5 cos 6 + x 9 sin 6 directions, 
and its relative orientation w.r.t. the 5 2 -brane in the 59 plane would depend on k±. 

Note that the previous picture implies that in M-theory the corresponding AdS^ geometry 
would be sourced in the fundamental region r G [0,7r] by Kaluza-Klein monopoles, as we 
discuss in the next section. 


4 The purely magnetic Ad.S,\ solution in M-theory 

In this section we lift the solution of the previous section to M-theory and show that it 
falls into the general class of solutions with purely magnetic flux considered in [37]. The 
analysis of quantized charges suggests a dual CFT arising from Kaluza-Klein monopoles and 
M5-branes wrapped on the Taub-NUT direction of the monopoles. We compute the central 
charge and show that it scales with (A r 5 + Nq/2 ) 3 / 2 , where A r 5 is the number of wrapped 
M5-branes and N 6 the number of Kaluza-Klein monopoles. This becomes simply N ^ 2 in 
the fundamental region r G [0,7r]. 

4.1 Fluxes 

The RR potentials of the IIA solution are given by 

Ci = ^ ^ cos 2 ( cos 0(3L 4 sin 3 ( cos (d( — 8 rdr) — 8 r cos x sin 2 (dcj^J , (4.1) 

C -3 - B 2 A Cl = lr 2 cos^sinx(sinCsin \dC A d£ A # - co S *cos« A * A *). (4.2) 

Ci gives rise to the g^ z /g zz component of the lid metric, where z denotes the eleventh 
direction. Given that there is a magnetic charge associated to Ci in IIA, a quantized Taub- 
NUT charge arises in lid. The brane that carries Taub-NUT charge is the Kaluza-Klein 
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monopole, which is connected to the IIA D6-brane upon reduction along the eleventh, Taub- 
NUT direction. Since the IIA solution was sourced by D6-branes in the fundamental region 
r G [0, 7 r] , Kaluza-Klein monopoles should play the role of color branes in M-theory in this 
region. As we will discuss, BPS KK-monopoles spanned on the x M\ x S^x S 2 directions 
can indeed be constructed in lid that give rise to the D6 color branes in IIA upon reduction. 

(C *3 — I ?2 A C\) gives rise in turn to the 3-fonr@ 

C 3 = C 3 - i k C 3 A ^ (4.3) 

in lid. Note that C 3 has no components along the eleventh direction. This will be of 
relevance in our later discussion. The M-theory 4-form flux is then given by 

G 4 = dC 3 = d(c 3 + i k C 3 A + dz )) (4.4) 

which, as we can see, is purely magnetic. Therefore there will be no M2-branes sourcing the 
lid solution. 

As we have noted, C 3 is by construction transverse to the eleventh direction. This potential 
couples in the worldvolume of M2-branes constrained to move in the space transverse to 
the Killing direction and in the worldvolume of M5-branes wrapped on this direction m- 
Moreover, its magnetic components are associated to wrapped M5-branes. Indeed one can 
show that these branes are BPS in the lid background and are to be interpreted as color 
branes. They give rise upon reduction to the color D4-branes of the IIA background. Other 
field theory observables that we will be able to describe holographically will be constructed 
in terms of M2-branes transverse to the Killing direction or M5-branes wrapped on this 
direction. 

4.2 Geometry and local SU( 2) structure 

hi [39] it was shown that the most general AT = 2 preserving solution in M-theory with 
an AdS 4 factor supports an SU{2 ) structure in 7d. As the M-theory 4-form G 4 is purely 
magnetic it actually falls into the more constrained class of solutions originally considered 
in [37]. In this section we show that we can uplift the IIA solution to M-theory and fit it 
into this class of solutions. 

The metric ansatz of [39] is of the form 

ds 2 xl = e 2 ^(^ds 2 {AdS 4 ) + ds 2 (A4 7 )^ (4.5) 

10 Our notation is that i k C 3 denotes the interior product of C 3 with the Killing vector = 5%, that points 
on the eleventh direction, k\ is the 1-form k\ = i k g and k 2 the scalar k 2 = where g stands for the 

eleven dimensional metric. 
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where we have 


2 A 


= L 2 e~^, ds (Mr) = 


L 2 


ds 2 (M e ) + e 2$ (C*i + dz)‘ 


(4.6) 


so that Ricc^AdSh) = —12 ^(AdSh) to match the conventions of [39]. The metric on Me is 
mearly the internal part of the IIA metric in eq (13.ip . 


It is possible to express the internal 7d metric in the form 

ds 2 (M 7 ) = ds 2 (SU(2 )) + El + E\ + E 2 (4.7) 

where ds 2 (SU(2 )) is the metric on a 4 manifold supporting a canonical S't/(2)-structure with 
associated real 2-form J = J 3 and holomorphic 2-form fl = J\ + i J 2l satisfying 


^3 A J 3 — -O A fl, J 3 A Q — 0, Ie^-a — — 0. 

Since G 4 is purely magnetic it is possible to define local coordinates such that 03 

dp 


Ei = -~e 3A pd£, E 2 = 3A ^= 

4 4 VI 


e -6Ap2 


(4.8) 


(4.9) 


where £ parametrizes the U( 1) R-symmetry and p is defined through the associated Reeb 
vector £ as |£| 2 = e _ 6 A p 2 . Supersymmetry then requires that the SU( 2) forms satisfy 


<e 3A V 1 - |£| 2 £ 3 ) = e 3A (2J 3 - 2||| E 2 A £ 3 ), 
d(|£| 2 e 9A J 2 A E 2 ) = e aA | ||d(e 6A J! A £ 3 ), 
d(e 6A J 4 A A 2 ) = -e 3A |£|d(e 3A J 2 A A 3 ), 

and the flux be given by 


G 1 =-4{A4(e 3A \/l-|||V 1 ). 


(4.10) 


(4,11) 


We find that the uplift of the IIA solution fits into the above parametrisation. All the 
forms are defined in terms of the internal M-theory Killing spinors derived in Appendix 1C.41 
one needs only to plug them into the bi-linears in Appendix B of [39]. Performing these 
steps with some liberal application of Mathematica, we find the local coordinate 

k 

p = —L A yi sin 2 2( sin 9 , (4.12) 

8 

and the solutions specific vielbein 


3A 


E» = 


\J\ — e 6 A p 2 L 


kL 2 


sin 2 2( ( L 4 sin 2 2( sin 9d9 + QAy 2 d(f) — 64 (yidyi + p 2 ch/ 2 ) cos# ] + 


256 

L 2 cos 2 ((dz + G 4 ) 


(4.13) 
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where C\ is the potential giving rise to the IIA RR 2-form, which may be found in eq (14. ip . 
To express the SU (2) forms we introduce the following orthonormal frame 

1 


e~ 3 ^kL 2 

'8 

32y 2 e 3A 


kL 6 sin 2 C 

e~ 3 ^kL 4 sin 2( 


2Xidy 2 + 32yiy 2 cos 2 ( sin 0 (sin ddyi + y\ cos Odd ) J , (4.14) 

cos 2 £ cos6 i (X 1 (16|/2 + L 4 sin 4 ()dy 2 — 256y 3 y 2 sin 2 OdyiJ — X 2 sin 2 £ dcj) 
16y 2 cos ddy 2 — L 4 cos 2 £ sin 2 £ sin Odd ), 


32\/X)"a/T— 


3 — 6 A n 2 


Xid( + Ayi sin 2£ cos 2£ sin 0 (sin Odyi + jq cos OdO ) J, 




e 4 =—-— 7 = f I 6 y 2 d(ft + L 4 cos 2 ( sin 2 ( sin OdO — 16 cos 0 (yidyi + y 2 dy 2 ) ) — 


dz + Ci I, 


2 L 2 y/Xi 

kL & cos 2 Q sin 2 (,y/X{e~ 3 ^ 

8 y/l -e- 6 V 

where 

Ad = 16 y\ cos 2 0 sin 2 ( + 16 ylsin 2 0 cos 2 ( + L 4 sin 2 0 sin 4 ( cos 2 (, 

X 2 = 16 y 2 cos 2 0(l6y 2 + L 4 sin 4 ( cos 2 C) + L 4 cos 2 ( sin 2 ( sin 2 0(l6y 2 + cos 2 C(l %2 + L 4 sin 4 £)). 

With respect to this basis we have 

J = e 1 A e 2 + e 3 A e 4 , = e iQ (e 1 + ie 2 ) A (e 3 + ie 4 ), (4.16) 

where the phase a is defined through 


(4.15) 


,3A 


tana = 


kL 2 cos 0 y\ 


(4.17) 


4.3 Properties of the CFT 

As in the previous section, some properties of the CFT dual can be inferred by analyzing 
the lid supergravity solution. The picture that arises is simply the lid realization of the 
IIA picture described in subsection 3.2, apart from some subtleties that have to do with the 
existence of the special Taub-NUT direction. Indeed, all brane configurations that play a 
role in lid will be either transverse to this direction or wrapped on it. 

The non-trivial S 2 of the IIA geometry is also present in the lid uplift. Therefore one 
can define large gauge transformations for the uplift of the B 2 held, which is the lid 3- 
form potential with a component along the Taub-NUT direction, ikC^. Thus, as in the IIA 
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background, we need to divide r in intervals of length it in order to have i^C 3 lying in the 
fundamental region. From here the discussion parallels exactly the 11A discussion. 


In lid we find quantized charges N$ and N 5 = nlV 6 , equal to the N 6 and N 4l respectively, 
in IIA. 1V 6 is associated to KK-monopoles and N 5 to M5-branes wrapped on the Taub-NUT 
direction of the monopole. The interpretation is that M5-brane charge (with the M5-brane 
wrapped in the Taub-NUT direction of the monopole) is created in the worldvolume of the 
KK-monopole when it crosses M5-branes transverse to the Taub-NUT directiorfH. Using 
the worldvolume effective action that describes a KK-monopole in lid [421 [3T| one can 
easily check that it is BPS when placed at ( = 0. The calculation parallels the D 6 -brane 
calculation in IIA with the only difference that the action is now written in terms of eleven 
dimensional fields. Similarly an M5-brane wrapped on the Taub-NUT direction is also BPS 
at this location. 

As in IIA, the charge interpreted as level in lid is also doubled, and we get two values 
k 6 and k 5 equal to the k e and k 4 charges, respectively, in IIA. These are now associated to 
wrapped M5-branes carrying monopole and dipole charged. 


Similarly, we find particle-like brane configurations, which are either M2-branes transverse 
to the Taub-NUT direction or M5-branes wrapped on this direction. These branes are 
wrapped on the same sub-manifolds of the internal space as in IIA. Namely, 


• Di-monopoles M2 on M x x S }, M5 on M x x S'} x S 2 x S} 

• ’t Hooft monopoles VG M2 on {M 1; 6}, M5 on {M 1; 9, S 2 , S}} 

• Di-baryons -B- M2 on {£, S}}, M5 on {<}, S}, S' 2 , S']} 

• Baryon vertices M2 on {(}, #}, M5 on {<}, 9, S' 2 , S'}} 

As for the IIB AdS 4 solution (see m for the details) the di-monopoles and ’t Hooft 
monopoles have to sit at ( = 0 while the di-baryons sit at r = 0. In these derivations 
we have used the action that describes M2-branes transverse to the Taub-NUT direction of 
the monopole. In this action couples in both the DBI and CS parts, so the M2-branes 
are sensitive to large gauge transformations. The details of this action can be found in [40], 

Putting together this information, and in analogy with the IIA discussion, we expect a 
field theory in the r G [0,7r] region described by a U(N 6 )k 5 x U(A r 6 )_fc 5 quiver with J\f = 2 
supersymmetry, sourced by KK-monopoles spanned on the x M x x S 2 x Sj directions, 
and with Taub-NUT direction z. A possible brane realization in the fundamental region 

11 Recall that in lid ikCz ikCs + mrVo\(S 2 ), and the M5 is magnetically charged with respect to this 
field. 

12 As shown in ^0] , M5-branes wrapped on an isometric direction can carry KK-monopole charge, with 
the Taub-NUT direction equal to the isometric direction. 
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r £ [ 0 , 7 r] could be 


5 3 : 

X 

X 

X 

1 

CM 

1 

X 

X 

X 

z 


Nq M6 : 

X 

X 

X 

— X — XXX — 

z 

(4.18) 

(5 3 , k 4 M5) : 

X 

X 

X 

— x cos 6 — — — sin 6 

X 



where z denotes the eleventh direction, the M 6 is the Kaluza-Klein monopole with Taub- 
NUT direction z and 5 3 is the exotic brane that gives rise to the IIA 5 2 brane upon reduction 

mm- 


4.4 Free energy 

We can now calculate the free energy on a 3-sphere in the CFT dual to the solution in 
M-theory. This is expressed in terms of the effective 4 dimensional Newton constant G 4 as 


•F53 = 


7 T 

2Ga 


(4.19) 


One can determine G 4 via a dimensional reduction of supergravity on the internal space A4y, 
the result is 

1 7r 


e 9A Vol (M 7 ), 


16t tG 4 2 ( 2 t r ) 9 J M? 

where we work in units such that l p = 1. For the case at hand the relevant quantity is 
k 2 L 6 


(4.20) 


e 9 A Vol(A4 7 ) = r‘ 2 sin 3 ( cos 3 ( sin 6 sin xd( A dd A dtp A dr A dx A d£ A dz. (4.21) 


32 

Integrating this in the region r £ [n 7 r, (n + l)vr], z £ [0, 27r] and using eqs 
arrive at 


we 


-As' 3 = 


72: 


7 r 


36 


12 


"i 


1 \ t JV „\ 3/2 


(4.22) 


{N 5 + 

This reproduces, as expected, the result in IIB, with N 5 ,N 3 —> N e ,N 5 m- Essentially we 
have J -53 ~ which reproduces the N 3//2 behavior of ABJM. In particular, in 

the fundamental region r £ [ 0 , 7 r], where = 0 , we hnd 




(4.23) 


This is not a surprising result, given that the dependence of the free energy in type II 
theories, like the central charge and entanglement entropy of the strip, depends on the 
internal directions only through the quantity 


bint 


e" 2 ,I, Vol(M 6 ), 


(4.24) 
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and is thus invariant under Abelian T-dualit\i 13 l and uplift to lid. 

So, quite surprisingly, we have found an AdS 4 M-theory solution with purely magnetic 
flux that falls in the general classification of [37], that originates in M5-branes wrapped on 
calibrated 3-cycles, but whose free energy does not exhibit the expected N 3 behavior. We 
leave a further discussion on this issue for the conclusions. 


5 Conclusions 

In this work we have presented a new warped AdS^ solution of M-theory preserving J\T = 2 
supersymmetry, giving the only known solution in this class other than the uplift of Pernici- 
Sezgin. A legitimate question to ask is whether this solution is truly distinct from Pernici- 
Sezgin, indeed this solution was generated by performing first a NAT then T duality on 
AdS^ x CP 3 , and some geometries derived via NAT duality have been shown to fall within 
the ansatz of previous solutions. This does not seem to be the case with this example: The 
quickest thing to note is that the free energy of Pernici-Sezgin scales as N 3 while this solution 
scales as N 3 / 2 . Additionally the uplift of Pernici-Sezgin is everywhere non singular while the 
curvature invariants of this solution blow up in certain regions of parameter space. One 
might still wonder if this solution approximates Pernici-Sezgin at least locally away from 
the singularity, as was argued in [1] to be the case for the NAT dual of AdS 5 x S 5 and the 
Gaiotto-Maldacena geometries 03 • This also does not seem to be the case. Sfetsos and 
Thompson were able to find an additional solution to the Gaiotto-Maldacena Toda equation 
which gave their solution. The differential equations giving rise to Pernici-Sezgin are more 
simple and are solved uniquely. So this solution is truly distinct. 

In this work, following on [IT], we have taken the view that the range of r is restricted 
to lie in a specific cell of length 7 r after n large gauge transformations of B 2 . The reason 
is to ensure that 0 < \f s2 B 2 \< 47t 2 , a restriction motivated by string theory. However this 
does present an issue for the geometry, we are choosing to end it at a regular point which 
would usually demand the inclusion of extra localized sources. From a purely geometric view 
point we might choose to take 0 < r < 00 , however this would be very undesirable from an 
AdS/CFT perspective. A continuous r would lead to, among other things, a CFT dual with 
operators of continuous conformal dimension [8]. An attractive resolution to these issues is 
that the NAT duality generates a solution which approximates a better defined solution free 
of these pathologies. At any rate, regardless of these potential criticisms, it seems likely that 
one could use this work as a stepping stone to further populate the solution space of purely 
magnetic M-theory solutions. 

13 It is not invariant though under non-Abelian T-duality, because even if the integrand is invariant, the S 3 
on which the dualisation is performed is transformed into an Mi x S 2 space, where Mi is the space spanned 
by the r-direction, and thus the domain of integration changes. This is the reason why the prefactors in 
(14.2311 are not the same as in ABJM. 
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Supersymmetric probe branes in the lid uplift of the Pernici-Sezgin solution were consid¬ 
ered in || 6 j, with an aim at introducing punctures on the Riemann surface along the lines 
of [27]. The BPS configurations were shown to preserve two U(l)'s, one more than required 
by the R-symmetry of the 3d Af = 2 SOFT. This second U( 1) corresponds to a global U(l) 
in the 3d field theory, and seems to play a key role in the 3d-3d correspondence [4Hj • It 
was argued in |46] that a large number of supersymmetric M5’s would ultimately backreact 
on the Pernici-Sezgin geometry to produce a new AdS 4 solution with a U( l ) 2 isometry. It 
would be interesting to show whether the AdS 4 solution obtained in this paper, containing 
a U(l) 2 isometry, could be related to this physical situation. 

That the free energy of our purely magnetic AdS 4 solution scales like fFg 3 ~ N 3 / 2 rather 
than N 3 is a little puzzling. It was proved in [39] that the presence of M2 branes, whether 
accompanied by M5's or not, always gives rise to N 3 / 2 behavior. However we know that 
our solution cannot contain M2 branes, indeed it is not possible to accommodate M2 branes 
in a purely magnetic flux ansatz, so what are we to make of this apparent contradiction. 
Firstly it should be noted that, at least as far as the authors are aware, there is no proof 
J-g 3 ~ N 3 holds universally for all wrapped M5 brane solutions. However this seems like an 
inadequate evasion of a confusing result. More likely is that the solution we present does 
not correspond to wrapped M5 branes. Indeed, the ansatz taken in EH to derive the purely 
magnetic solutions is defined by requiring the Killing spinors to satisfy the same projection 
conditions as the wrapped branes. Yet the solutions need not describe in general M5-branes 
wrapped in 3d manifolds in the near horizon limit. The metric we have obtained is rather 
complicated and it seems difficult to identify a 3-cycle in the internal geometry that such 
branes might wrap. This together with the fact that the free energy does not scale with N 3 
is suggesting that this is indeed the case for our solution. 

On the other hand, even if the CFT interpretation of the solution is yet very preliminary, 
we seem to have found that there are quantized charges associated to both KK-monopoles 
and M5-branes, with the first being the only sources of the geometry in the r-region that we 
have defined as the fundamental region. This is also suggestive of a geometry not originating 
from wrapped M5-branes. 

Finally, let us comment on something slightly tangential. I 11 the process of discussing the 
supersymmetry preserved by purely magnetic M-theory solutions we analised the G-structure 
preserved by the NAT dual of ABJM. We showed in appendix 1C.31 that this IIB solution 
preserves a f/(l)’s worth of dynamical 5'f/(2)-structures in 6 d. We note that, it is possible 
to take the intersection of two of these and define an identity structure. However, given that 
a complete systematic study of AdS^ solutions to type II supergravity preserving Af = 2 
supersymmetry is currently absent form the literature, we have not pursued this here. Even 
so we know that, as with the better studied AdS 5 , Af = 1 cases [55], '56], supersymmetry 
should be preserved in terms of either a local “SW(2)-structure” or “identity structure” on 
the internal co-dimensions of the isometry dual to the [/(1) R-symmetry. The NAT dual of 
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ABJM will certainly fall into the latter class. 
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A Some details on the NAT and T duality transforma¬ 
tions 

In this Appendix we give some details on the derivation of the solution in section [3] The 
starting point is the AdS^ x CP 3 metric written as a Hopf fibration 


ds 2 — ds 2 (M 7 ) + e 2 Ca {u: a + A a ) 2 , 

where c o a are SU (2) left-invariant 1-forms satisfying duj a = \e a b c ujb A u> c and 

L 2 


(A.l) 


ds 2 (M 7 ) = 


4 


ds 2 {AdSi) + 4 d ( 2 + cos 2 ( (d 6 2 + cos 2 Odcp 2 ) 


T 2 T 2 

2Ci ICi ■ 2 /■ 2Cs - L/ ■ 2 /■ 2/ 

e 1 = e 2 = — sm C, e = — sin C cos C, 

4 4 

Ai = A 2 = 0 , A 3 = cos 9d(j), (A. 2 ) 

where the AdS radius is 1. Specifically we introduce the vielbeins 

e af = — pdx e p = — dp , e 1 = Ld(, e 2 = — cos (dd, e 3 = — cos ( sin 9d<j), 
e 4 = — sin ko;i, e 5 = — sin ( cv 2 , e (l = — sin ( cos((cv 3 + cos 9d<p). (A.3) 
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The dilaton of this solution is constant and set to e 4 ' = while the non trivial fluxes are 

F 2 —G 2 + J“ A (cj a + A a ) + —e a b c K^ (yib + A&) A (ay + A c ), 

-F4 =Ar4 + K$ A (ay + A a ) + -e a 6 C M2 (cufe + A) A (ay + A c ) 

+ Ni (ay + A\j A (ay + A 2 ) A (ay + A 3 ), (A.4) 

where the only non zero components are 

k k 

G 2 = — — cos 2 ( sin Odd A dq6 , Af = —A: sin £ cos £d£, A£] = — — sin 2 £, 

4A-A 2 

G 4 = +—- Vol{AdS 4 ). (A.5) 

8 

A.l The IIB NAT Duality 

Expressing the solution in this manner allows one to simply read off the result of performing 
a NAT duality transformation on ay using [T3] . The dual metric is given by 

3 

ds 2 = ds\M 7 ) + J2^ a+3 (A- 6 ) 

a= 1 

We have introduced cylindrical polars for the dual coordinates 


Vi = y 1 cos £, v 2 = yi sin £, v 3 = y 2: 


(A.7) 


and choose to express the dual canonical vielbeins e in a way that makes the residual U( 1) 
isometry given by d g explicit 


cos£e 4 + sin£e 5 = 


8 LA 


sin £ 


cos£e 5 — sin£e 4 = 


8 LA 


sinC 


4 t/i2/2 {^dy 2 + L 2 sin 2 £ cos 2 £(d£ + cos Odcft)) 

+ d/y\ [\Qy 2 + A 4 sin 4 £ cos 2 £) 

Ay\dy 2 

+ cos 2 £ ( — 4r/ 2 c?l/i + A 2 r/! sin 2 £ (d£ + cos ddq !>)) 


e 6 = 


1 


sin £ cos £ 


8 LA 

e a — e a , a = p, 1, 2, 3, 


16yiy 2 dyi + <A/ 2 (16?/ 2 + A 4 sin 4 £) — 4 L 2 y 2 sin 2 £(d£ + cos $d£>) 


(A.8) 
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where we define 


A = sin 2 ( (y\ + cos 2 Qyl + 


16 


■ sin 


: C cos 2 C) • 


(A.9) 


A NS two form is generated 


B 2 = ^ 2/1 sin 2 C (yidy 2 -y 2 cos 2 (dy^J sin2 C cos 2 C cos 6 (ym dy 1 +(y^+ ^ sin 4 ()dy 2 ^J Ad(p 

while the dilaton becomcJ 44 ! 


; - 2 * = —Ae” 2 *. 


(A. 10 ) 


The solution also has all possible RR forms turned on. These can be found in HP where 
this solution was originally derived. 


A.2 The IIA NAT-T Duality 


We would now like to perform a T-duality on the global U( 1) corresponding to d^. To do 
this we can once more make use of the results of [Hj (see [49] for the original derivation). 
In order to do this we need to express the metric and B 2 as 

ds 1 = ds 2 (M 9 ) + e 2 C (d(j) + A) 2 , 

B 2 = B + Bi A d(f>. (A.11) 


Clearly B 2 is already in this form, while the same can be achieved for the metric with a 
rotation of the vielbein basis e —y Tie, giving 


n 2 c 


— —-L 2 cos 2 (, 


4A 


. v? sin 4 C cos 6 

A = --^ 


where 


= A sin 2 6 + y\ sin 4 ( cos 2 9. 


A rotation that achieves this is 


77 = 


( yj Ci +C2 s i n C cos 9 

727 
0 

0 

y/ Aq sin 6 


sin sin £—£3 cos £) 

7S^ 

C 3 s i n g+(Ci 2 +C|+i) cos £ 

Ao^/Ci+cI+T 

\/Cl+Cf sing 
y/ C1+C2+ 1 

y/ C1+C2 sin C cos 0 (£3 cos g—sin g) 
v/Aov/Sq 


sin 0(£3 sin£+cos £) 

73^ 

(C1+C2+ 1 ) sing-g 3 cosg 
V Ao-y/ C1+C2+I 
y/ Ci+Cf cos(g) 

vA 2 +c 2 2 +i 


sin £ cos #(£3 sin £+cos £) 
y/Aoy/Eo 


(A.12) 


(A.13) 


\/Ci +C| sinfl 
yj C?+C|C3 


1 . 7-2 

14 Notice that, for simplicity in other expressions, we are extracting a factor of with respect to the 
definition of A in m- 


\ 


aw Ci+ci+i 
1 

V Ci+ci+i 

(C1+C2) singcos 9 
■v/SoVSo 
(A.14) 


/ 
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which acts on 2456. We have introduced the following expressions 

A 0 = 1+ Ci +d + Cf> So = sin 2 6>Ao + sin 2 Ccos 2 6>(C 1 2 + C 2 2 ), C a = v a e Eb ^ Ca . (A.15) 

With the rotated vielbein basis, we may give the RR forms in [TIJ in terms of them and then 
use [49] [13] to read off the T-dual solution, getting then the results in section [3] 

B Type-II G-structure conditions for AdS,\ solutions 

In this Appendix we review the G-structure conditions for supersymmetric AdS 4 x Mq so¬ 
lutions, which is a slight modificatiorJ^l of what may be found in [501 [5Tj. but with notation 
more akin to mm- The metric can be cast in the form 

ds 2 = e 2A ds 2 (AdS 4 ) + ds 2 (M 6 ), (B.l) 

where the AdS radius is 1 and the dilaton has support only in Mq. The fluxes have the same 
direct product structure, which in terms of the RR polyform we may express as 

F = F int + e 4A Vol(AdS 4 ) A F. (B.2) 

We use a real representation of the lOd gamma matrice^ in which the Dirac and ordinary 
conjugates coincide. A 4+6 split is performed on the lOd MW Killing spinors where e = 
(<T, e 2 ) T and T^e = cr 3 e so that we can write 

D = e A/2 (( + ®r ] 1 + + (_®ri 1 _) } 

e 2 = e A/2 (C+®^ + C-®^±), (B.3) 

where ± labels chirality in 4 and 6 dimensions, so that the upper/lower signs should be taken 
in IIA/IIB and ( ij + )* = 7 + and we take the internal, 77 1 ’ 2 spinor to have unit norm. 

Preservation of supersymmetry may be expressed in terms of differential conditions on 


two pure spinors 

= 8 ?7+<g>77±. 

(B.4) 

These conditions 

are given by 



(d-H) A (e 3i - $ $±) = -2e 2A -*ReT T , 

(d-H) A = -3e 3A - $ ImT ± + e 4A F, 

(B.5) 


15 Specifically with the normalization of the internal spinor. 

16 Specifically for the AdS 4 directions = 7 71 ® 1 , while on CP 3 we define T* = ® 7®, where 7^ and 7“ 

are representations of the gamma matrices in 3+1 and 6 dimensions respectively. We define R 10 ) = 
where 7PI = jy tela;2r and 7PI = — *7123456• 
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where once more the upper/lower signs should be taken in IIA/IIB and 

e AA F = tvoi(Ad,Si)F. (B.6) 

The G-structure on M 6 can either be an SU(3), when rj\_ and rj 2 + are globally parallel, 
or SU(2) when they are not. Using a Fierz identity and the Clifford map it is possible to 
express <h± as polyforms. In the SU (3)-structure case we can write this in terms of a complex 
2-form J and a holomorphic 3-form Vthoi as 

T + = e- ie +e~ iJ , = e i 9 ~n hol , (B.7) 

where the forms may be expressed in terms of the internal spinors as 

Jab = -iV+l/abV+, (&hol) abc = ~V-JabcV+, ( B -8) 

where 

V+ = eiai V, vl = F a2 v, V+V+ = 1, 6 ± = «i =F «2, (B.9) 

and the forms obey J A J A J = Ihoi A &hoh J A tthoi = 0. 


For the S'C/(2)-structure case the internal spinor may be expressed as 

v\ = e iai V+, Vl = e ia2 (k|,77 + + ^X+) (B.10) 

where X+V+ = 0 and ftjj + K \ — 1- The pure spinors may then be expressed in terms of a 
holomorphic 1-form z, a real 2-form j and a holomorphic 2-form uj^oi as 


=ie i0+ e* zAZ A 


n\\e 13 -in±u} ho i 


)• 


(B.ll) 


— e z A I K±e 13 + iK\\cu ho i 

The various forms may be extracted from the spinor via 

Z a = -ivljaX+, jab = ^ lvllabV+ + W+7abX+) , (<*> hol)ab = abX-, ( B - 12 ) 

and obey the conditions, 

J A j A UJholi j A OJholi Whoi A UJhol 0) I'z^hol ^zj 0- (B.13) 

Finally it should be noted that the above conditions are actually the conditions for Af = 1 
in 3d. We will be concerned with AT = 2 supersymmetry which implies a CFT dual with 
17(1) R-symmetry. This will manifest itself in the fact that there should be a 17(1)’s worth 
of pure spinors satisfying eq (IB.51) . two of which are independent^! 


1 'In the sense that they can be constructed from two sets of linearly independent internal spinors (771,772) 
and (771,772). 
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C Detailed supersymmetry analysis 


In this appendix we shall look at how the Killing spinors are transformed under the sequence 
of dualities we perform to reach the M-theory solution of section 14.21 We shall begin by 
identifying a set of spinors on CP 3 that are uncharged under the SU(2) on which the NAT- 
duality is performed. 


C.l A SU( 2) T-duality invariant Killing spinor on AdS 4 x 


We express the metric of ABJM in terms of the vielbein basis of eq (lA.3|h Supersymmetry 
is preserved in type IIA when the variations of the dilatino and gravitino vanish. For ABJM 
which has a constant dilaton and zero Romans mass these constraints are 


« = y(|/' 2 r “V 2 ) + 0 . 

+ y (Ifsr-Vs) + = 0 . 


(C.l) 


where D^e = ( d M + \oj^ a bT ab )e. Specifically we have 

1 2 k 


2 y 2 = -^2 ( r + r + r )’ 


1 . 6 /c 

4 — 


(C.2) 


and 


uj x " p = -e x \ 

Ju 


a/ 4 = —uj 56 = 


, ,12 _ , 36 _ tan Co 13 _ 26 _ tanC 3 

uj — — uj — —-— c , uj — uj — —-—e 
Ju Ju 

c °t C 4 15 46 C °t C 5 16 2 cot 2C 

-—e, co = uj =-—e , uj ---( 


(C.3) 


ca 23 = -j-(—2 cot 61 secCe 3 + ta.nCe 6 ), ca 45 = -j-(—2 cot 6C secCe 3 + (cot C + 2 tanC)e 6 ). 

Ju Ju 


Inserting the fluxes into the variation of the dilatino and manipulating leads to 

p2345 _|_ pl6/p23 _j_ ^45\ j £ _ f 


(C.4) 

This constraint preserves a maximum of 24 real supercharges, however one finds that such a 
Killing spinor, which also solves the gravitino variation, must depend on the SU (2) directions 
m- Here we take a different approach and impose the projection 

^2345, 


e = e, 


(C.5) 


which preserves only half the supercharges. Turning attention to the gravitino variation, one 
finds that the components along the AdS^ directions give 

1 




(C.6) 
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which is a standard Killing spinor equation for AdS^ which one can solve without any 
constraint. 

Using the projection or eq (1C.51) it is possible to show that the gravitino variation along 
the CP 3 directions reduce to a differential equation and an additional projection 



<%e + T ( \ia 2 )e = 0, 

(C.7) 


T 1456 e = - r cos 2C + sin 2CT 6 (ia 2 )^ e. 

(C.8) 

These are solved by 

e = e- r6 (^)e 0 

where e 0 is a spinor which depends only on the AdS4 coordinates and obeys 

(C.9) 


r 2345^ r 1456^ 

1 Co — —i €q — 6q. 

(C.10) 

Thus we have found a Killing spinor preserving 8 real supercharges which 
supersymmetry in 3d. This is the most general spinor which is independent 
directions (in the prefered frame) and so [13] informs us that 8 supercharges 

gives J\f = 2 
of the SU( 2) 
are preserved 


under a SU(2) NAT duality transformation. 

As the solution is a direct product and we know that there are 4 independent Killing 
spinors preserved by AdS 4, we must have 2 preserved on CP 3 . On the other hand the AdS^ 
factor and supersymmety preserved by the spinor imply that we are describing a subsector 
of ABJM with U( 1) R-symmetry. The Killing spinors should be invariant under the action 
of this U( 1). Indeed we can impose an additional projection 

P a e = T 6 (ta 2 )e, P a = T 3 (-cosaT 4 + sinaT 5 ) (C.ll) 

where a is a constant which parametrizes the 17(1). Notice that if one defines two spinors 
such that P ai Xa 1 = r 6 (i<7 2 )Xai and P Q2 y Q2 = T e (ia 2 )Xa 2 hold, then we have x f ai Xa 2 = 0 
when a 1 — a 2 = n, so we are still describing Af = 2 supersymmetry. 

C.2 A U( 1) of 5T/(3)-structures on CP 3 

We know the 6d Killing spinors of ABJM define an SU (3)-structure [52], so the internal 
spinors rj l + and must match up to a phase. Specifically we define 

1 4 = rj 2 + = e~ l ^ri + . (C.12) 
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The projective constraints in 6d become 

7 145 V = -( cos2( + P a sin2C^r/+, ^ 2345 v+ = V+, PaV+ = 7 V, (C.13) 

where P a = 7 3 (— cos cty 4 + sin ay 5 ). These are still a little complicated, to get to a canonical 
frame we first rotate in 7 4 , 7 s , and then 7 s , 7 4 such that P a = — 7 s4 and y 1456 ? 7 + = —r) + . 
This leads to new vielbeins which we express in terms of eq (1A.3D as 

e a = e a , a = 1,2,6, 

e 3 = cos 2 £e 3 + sin 2 £(— cosae 4 + sinae 5 ), 
e 4 = sin 2 (jet 3 + cos 2 £(cosae 4 — sinae 5 ), 

e 5 = sinae 4 + cosae 5 . (C.14) 

With respect to this basis we have 

7 16 V+ = 7 32 7+ = 7 45 7+ = +iV+, 7 34 V = ~V~, (C.15) 

and so the SU (3)-structures are given by the forms 

J a = e 1 A e 6 + e 3 A e 2 + e 4 A e 5 , (C.16) 

fthoi, a = —iifi 1 + ie 6 ) A (e 3 + ie 2 ) A (e 4 + ie 5 ). 

The forms satisfy eq (IB.51) for any constant a provided 

q 7r r 2 

e + = e 0 = Y , e. = o, e 2A = T . (c.17) 

One should note that if we take (J 0 , ft hoi, 0 ) we can generate the whole U( 1) again by sending 
0 —y 0 — a, inside the left invariant 1-forms a 7 . This is what we expect since the isometry 
dtp gives the geometric realisation of the {7(1) subgroup of the R-symmetry of ABJM. 

C.3 A U( 1) of 5'{7(2)-structures in the Non-Abelian T-dual 

We would now like to find the G-structure and Killing spinors of the geometry after per¬ 
forming the SU{2) isometry non-Abelian T-duality. Fortunately we can exploit a map for 
the SU ( 2 ) transformation of the pure spinors that was proposed in | 6 ] 

= ^sn( 2 ), (C.18) 

where in general, in the frame of eq (1A.3I) 

n S v ( 2) = d-J W ( - r« 6 + C«r“ +3 j. (c.19) 

V 1 + Ca 2 v ^ / 
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for ( a defined as in [5], which for our parametrisation of ABJM specifically is 


Ci = 


L 2 cos ( sin 2 ( 


2 /i cos £, C 2 = 


L 2 cos ( sin 2 ( 


Z/i sin Cs = 


L 2 sin 2 ( 


2 / 2 - 


(C.20) 


Although eq flC.18|) will give us the pure spinors in type IIB, it is still instructive to study 
the MW Killing spinors. The action of the NAT duality transformation on this is given by 


(C.21) 


Cl — e l> ^2 — ^SU( 2) ^2; 
which corresponds to the following 6 d spinors 


ri+=e 4 rj + , 


f] + = — 1 e 


(C.22) 


,cos2C7 1 + Ci 7 4 + C27 5 + C37 6 . sin2C 

1 -- 7 - H— 7= , 7+ 


\/l + CaCa 


yi + CaCa 


with the spinors on AdS^ unchanged. Here we use the frame of eq (1C.14|) . but with dual 
vielbeins, have made use of the projections and defined 


0 = 


L 2 cos C sin" C 


2 /i cos(£ + a), ( 2 = 


L 2 cos C sin 2 ( 


2 /i sin(£ + a) 


(C.23) 


Here we see that a only appears in the combination £ + a, which indicates that d g plays 
the role of the [/(1) R-symmetry in the NAT dual solution, indeed this can be confirmed by 
computing the Kosmann derivative along d g. 

The spinors in eq (1C.22j) actually dehne a dynamical SU(2) structure, which means 77 + and 
fj]_ are not globally parallel and the angle between them is point dependent. We can simplify 
the expression for 77 ! considerably with further rotations of the vielbein basis. There is an 
optimum frame, in which all components of the SW(2)-structure are relatively simple. The 
vielbeins are given in this frame by 


e 4 = 


e 2 = 


4L 3 sin 3 C cos (y/~A~ q 
1 


L 4 sin 2 £ sin 4£ - 32{y l dy l + y 2 dy 2 ) , 


(C.24) 


cosC ^sin2£(L 4 sin 2 (A p dd — 32 y\ sin 2(£ + a) sin 


4L 3 sin 3 £ cos C -^/A^yTAq _ 

— I28yiy 2 cos(£ + a)d( ) — 64 y x cos(£ + a) sin£ cos 2 (dy 2 


e 3 = 


cos 2 ( ( 32 yi y 2 cos(£ + a)d£ + 32 y 2 sin(£ + a)dy±+ 


2 L 3 sin 2 C cosCv^v 7 ^ 

(32yiy 2 cos(£ + a) cos 6 + L 4 A 0 cos 2 ( sin 2 C sin d) d0) — 32 y 1 sin(£ + a)dy 2 
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2 


e 4 = 


cos( ( yi sin(£ + a) (6 \y\ cos 2 (£ + a) + L 4 sin 2 £A p )d£ 


L 5 sin 3 C cosCv^v^V 7 ^ 

+ cos(£ + a) (6 Ay\ sin 2 (£ + a)dy 1 + QAy l y 2 dy 2 - L 4 A p sin 2 (dyi) 

+ L^yiAq sin(£ + a) sin 2 ( cos 9d<p ) — 2 L 4 yiA 0 cos(£ + a) cos 2 £ sin (d( 


e 5 = 


L sin 2 ( cos ( \fK p 


2 yi sin(£ + a)d( — y 2 sin 2 ( cos ( 2 sin 9d(p+ 

1 


sin 4£ I sin(£ + a)dy\ + y\ cos(£ + a) (dC + cos 9d(j>) 


e 6 = 


L sin 2 ( cos C y/A~ q _ 


4 


cos 2 ^ sin (dy 2 + 


2 cos ( yy 2 d( + y\ cos ( sin ( ( cos(£ + a)d9 + sin(£ + a) sin 9d(j )) 


where 


A 0 = 1 + Cl, \ = cos 2 2 C + (I, A p = A q - sin 2 2C(f . 
In this basis the action of NAT duality on the 6 d spinors is simply 


*1 jUJ ^O —j'fO r ^ 1 -| 

rj = e 2 n+, V+ = -e 2 [«||??+ + ?k±7 ??-] 

sin2C cos2C + CaCa 


where 


K\\ = 


\/l + CaCa 


K_L = 


1 + CaCa 


(C.25) 


(C.26) 


(C.27) 


and Ku + k 2 ± = 1. The projections the original spinor obeys are most succinctly expressed as 


72345??+ = V+, 71456??+ = “(«± ~ «j|7 34 )??+, 


(C.28) 


in the basis where 7 ^/ 7 + = ??+ as before. The ?7(l)’s worth of SU (2)-structure is given by 
the following forms 


Za = e 1 + ?e 6 , 

ja = (A±e 3 — At||e 4 ) A e 2 + (n±e 4 + K\\e 3 ) A e 5 , 


Uhoi,a = -i({n±e 3 - K\\e 4 ) + ie 2 ) A ((«:+e 4 + K\\e 3 ) + ie 5 ), (C.29) 

which satisfy the supersymmetry conditions of eq (IB.5(1 for any constant a provided 


9 + = 0 , 9_=9 0 = 


to p 2 A 


(C.30) 

















We could take the intersection of the two linearly independent SU ( 2 ) structures defined for 
a = 0 and a = n, and define an identity structure. However, the supersymmetry conditions 
of such an object are absent from the literature at present and deriving them is outside the 
scope of this work. 


C.4 Killing spinors in M-theory 


Before we can define the M-theory Killing spinor, we must first derive the MW Killing spinors 
in type IIA after an additional T-duality is performed. As we want to make contact with 
we need to work with the two linearly independent spinors in 6 d. These are given by 


i 

vr + = e 2 7T+, 


2 _ ij _y. 

7ri = e 2 7 T. 


+ > 


~i ~ 

7T + = e 2 7T_j_, 


~ 2 —i ~ 
7T1 = e 2 7T 


+) 




(C.31) 


-71 _ 


and are such that 

y 1456 vr + = — ( COS 2 ( - sin2C7 34 )7T + , 7 2345 7T + = 7T_|_, 7 246 7T + = 

7 1456 7 t+ = — (cos2(j + sin 2 C 7 34 ) 7 t + , 7 2345 7 f+ = 7 f+, 7 246 7 t+ = 7 r_, (C.32) 

in the frame of eq (1A.31) . The independent lOd MW spinors ey 2 and ey 2 are then constructed 

in the obvious way from eq (IB. 311 . with rj —$■ tt and using the same spinors on AdS^. We 

must act on these spinors first with flsu{ 2 )i which in this frame is as in eq (1C. 191) , then with 
h2[/(i), which gives the transformation of the spinor under the Abelian T-duality J49|. In the 
frame of eq (IA.3IIA.8I) this is most succinctly expressed as 


1 


= sin ( cos 6 T (10) 


(-C 2 +C 1 C 3 ) r J + (C 1 +C 2 C 3 ) r 5 - (Cf+C|) r e 


V^o 


■ sin 


^p(10)p3_ 


We take the lOd MW Killing spinors in IIA after the NAT-T duality transformation to be 

ei = ei, £2 = ^c/(i) ^su(2) € 2 , (C.33) 

with an equivalent expression with e —> e, which means that the new 6 d Killing spinors are 
given by 




74 =e 2 tt + , 


7T 2 = 


-i 6 -0 

-e 2 


7 r| =e* 2 “ 7r + , 7r^ = +e 1 ° I k\\7i + + k±J r n_ 1, 


7v||7T_j_ -)- K j_*7 "'77 _ 


where 


K\\ = 

T = 


sin 2 ( sin d( 2 


s/Eq — sin 2 2 ( sin 2 9 


(C.34) 

, K_l = A /1 - Kjj, 

sin C cos 9 (C 27 2 - Ci7 3 ) - sin 6 ( cos 2 ( C 27 1 - 7 5 - C 37 4 + Ci7 6 ) 


(C.35) 
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Clearly eq (1C.34ft supports a U( 1) of dynamical SU (2)-structures, as was the case in type- 
IIB, which we will not explicitly derive. 


We are know ready to construct the two independent M-theory Killing spinors. These can 
be expressed in terms of the spinors in 1IA as 

rj 1 = e _$/6 (ei + e 2 ), rf = e~ q,/& (e i + e 2 ). (C.36) 

In the conventions of |39| the M-theory spinors are 

D* = e A/2 U\ ® Xi + (<P‘ + y ® xi\ , (C.37) 


where e ^ = e 2 t and e 2 ^ is a modihed warp factor of AdS^ in IIA such that Ricci(AdS 4 ) = 
— \2g(AdSi). Thus if we identify the AdS^ spinors of IIA with those of eq (1C.3711 we see that 

X2 = 7f(^ + ^~)’ X2= + ^+)’ ( ' C ' 38 ' ) 

which clearly satisfy X 1 X 1 = X 2 X 2 — and from these one can construct spinors of charge 
±2 under the U(l) R-symmetry 

X± = ^(ai±X2 )- (C.39) 


It is then simply a matter of plugging the x± of this section into the spinor bi-linears in 
appendix B of |39], and rotating the frame to reproduce the results of section (14.2)1 . Note 
that the frame used in this section needs to be rotated as in eq (1A.14|) to reach the vielbein 
basis where flat directions 2456 may be identified with CJ 1 ’ 2 ’ 3 ’ 4 of eq (13.211 and the rest with 
eq (1A.3|) . 
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